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THE DESCRIPTION OF THE FREE LOGNORMAL DISTRIBUTION REVISITED
NIZAR DEMNI AND TAREK HAMDI
Abstract. We adapt the approach used in [5] and retrieve the description given in [3] of the free lognormal
distribution.
1. Introduction
Let t ∈ R and define the sequence
(1) mn(t) :=
e−nt/2
n
n−1∑
k=0
(−tn)k
k!
(
n
k + 1
)
, n ≥ 1.
It is not difficult to see that mn(t) can be written through the (n − 1)-th Laguerre polynomial as follows
([16]):
mn(t) =
e−nt/2
n
L
(1)
n−1(nt).
The analysis of the large-n behaviour of this kind of polynomials-for which the argument and the degree
are dependent- appeared for instance in [16], [12] and [7] and relies on the saddle point method. However,
what is far from being clear and true is the fact that (mn(t))n≥0 with m0(t) := 1 is the moment sequence
of a compactly-supported probability distribution νt ([2]). More amazing is that νt is supported in the unit
circle when t > 0 and in an interval in the positive real line otherwise ([3]). Note that a similar phenomenon
happens when the index and the argument of the Laguerre polynomial are independent. Indeed, it is already
known that
n!L(α)n (x), n ≥ 0,
is the moment sequence of a positive measure supported in the whole positive half-line provided that x < 0
([9], 523-524). On the other hand, if x > 0 and α > −1/2, then the Laguerre polynomial admits a Laplace-
type integral representation over the whole upper half-plane which follows from the well-known Laplace-type
integral representation of Jacobi polynomials due to Koornwinder (see e.g. [1] p.475 and formula 18.10.6 in
[6]). In particular, n!L
(α)
n is the n-th ‘complex’ moment of a positive measure.
Coming back to (mn(t))n, the fact that it is the moment sequence of a probability distribution follows
mainly from the large-size asymptotics of observables of the Brownian motion on Lie groups. For instance,
let (Yt)t≥0 be a Brownian motion on the unitary group U(d) ([11]). Then, for any t ≥ 0 and any n ∈ N,
mn(t) = lim
d→∞
1
d
E(tr(Y nt/d)).
Moreover, Y ⋆t and Yt have the same distribution so that m−n(t) = mn(t), n ≥ 0. This result, proved
independently in [2], [14] and [?], was further strengthened in [10] where a full expansion of the averaged
power sums of Yt is obtained and involves paths in the Cayley graph of the symmetric group. As to the
density and the support of νt, t ≥ 0, they were described in [3] from the behaviour of the compositional
inverse of the Herglotz transform of νt in some Jordan domain. In particular, the support exhibits a phase
transition at t = 4 which agrees with the change of the decay of mn(t) for large n. For times t ∈ (0, 4), the
same description as well as the phase transition were found in [5] relying on a suitable Cauchy-type integral
representation of the Laguerre polynomials: the support is built from the intersection of two curves which
disconnect exactly at t = 4.
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When t ≤ 0, the moments (mn(t))n turn out to be related to the radial part of the right-invariant
Brownian motion on the linear complex group GL(d,C) ([11], [13]). More precisely, let (Zs)s≥0 be such a
process, then it was conjectured in [2] and proved later in [4] that
(2) mn(t) = lim
d→∞
1
d
E(tr[(Z⋆−t/dZ−t/d)
n)]), n ≥ 0.
Moreover, νt is compactly-supported in the positive half-line and can be realized as the free additive convo-
lution of a semi-circular distribution of variance −t and a uniform distribution on [t/2,−t/2] ([8]). It is also
called the free log-normal distribution since it appears as the central limit of the products of positive free
random variables ([8], [15]).
In this paper, we adapt the approach used in [5] for the description of νt, t ≥ 0 to the free lognormal
distribution νt, t ≤ 0. More precisely, using a Cauchy-type integral representation of Laguerre polynomials,
we prove that for any t < 0, there exists a Jordan curve γt around the origin whose image under the
(meromorphic) integrand lies in the positive half-line. The description of the free lognormal distribution
follows then from two variable changes performed on two parts of the curve where the integrand is shown to
be monotone.
2. Description of νt, t ≥ 0 revisited
2.1. The curve γt. Since ∫
γ
e−ntz
dz
zk
=
(−nt)k−1
(k − 1)!
, 1 ≤ k ≤ n,
and vansihes for k = 0 then
mn(t) =
e−nt/2
2ipin
∫
γ
e−ntz
(
1 +
1
z
)n
dz.
This is nothing else but one of the numerous integral representations of Laguerre polynomials ([16]) and it
was already used in [7] in order to estimate the growth of mn(t), t > 0, for large n. Now, we already know
that νt is compactly supported in the positive half-line. Hence, it is natural to seek for any fixed t < 0 a
Jordan curve around the origin γt such that
gt(z) := e
−t(z+(1/2))
(
1 +
1
z
)
, z ∈ γt. ∈ R
In this respect, we easily prove the following:
Lemma 1. For any t < 0, there exists a Jordan curve γt around the origin such that gt(z) ≥ 0, z ∈ γt.
Proof. Write z = x+ iy, then
(3) gt(z) ∈ R ⇔ y cos(ty) + (x
2 + y2 + x) sin(ty) = 0.
Since (3) is satisfied by any real number, then we rather focus on
(4) − y2 − y cot(ty) = x2 + x.
But cot(±pi) =∞ so that (4) is satisfied as soon as one finds a positive number 0 < yt < −pi/t such that
1
4
− y2 − y cot(ty) ≥ 0
for all |y| ≤ yt. Hence, the curve γt we are looking for would be defined by
x±t (y) = −
1
2
±
√
1
4
− y2 − y cot(ty)
and meet the real line at the two points
x±t (0) = −
1
2
±
√
1
4
−
1
t
.
Now, set
ft(y) := 2y sin(ty) + cos(ty), y ∈ (pi/t,−pi/t),
2
then for any y 6= 0
1
4
− y2 − y cot(ty) ≥ 0 ⇔ |ft(y)| ≤ 1.
Let y ∈ [0,−pi/t), then the inequality sinu ≥ u, u ≤ 0 shows that
y 7→ (ty) cot(ty)
is decreasing. But
f ′t(y) = 2 sin(ty)
[
ty cot(ty)−
t− 2
2
]
therefore there exists at ∈ [−pi/(2t),−pi/t[ such that f
′
t(at) = 0 whence
y 0 at −pi/t
f ′t(y) − 0 +
ft(y) 1 ց ft(at) ր −1
.
Besides, the very definition of at implies that
ft(at) =
sin(tat)
tat
[2ta2t +
t
2
− 1] ≤ 2ta2t +
t
2
− 1 < −1.
Consequently, there exists 0 < yt < at such that |ft(y)| ≤ 1 for all y ∈ [−yt, yt] and as such, the curve γt
exists. Finally, for any z ∈ γt,
gt(z) = ℜ(gt(z)) =
e−t(x+(1/2))
x2 + y2
[
(x2 + y2 + x) cos(ty)− y sin(ty)
]
= y
e−t(x+(1/2))
x2 + y2
[cot(−ty) cos(ty) + sin(−ty)]
=
y
sin(−ty)
e−t(x+(1/2))
x2 + y2
=
y
sin(ty)
e−t(x+(1/2))
y cot(ty) + x
which is obviously positive. 
Remark. The curve γt is clearly symmetric with respect to the real axis and the vertical line x = −1/2.
Moreover, the transformations y → y/2, x→ (x− 1)/2 and t→ −4t map it onto the boundary of the region
Ωt described p.271 in [3]:
2y cot(2ty) = x2 + y2 − 1.
2.2. Monotonicity of y 7→ gt(x
±
t (y), y). Recall from the end of the proof of the previous lemma that
gt(x, y) =
y
sin(ty)
e−t(x+1/2)
y cot(ty) + x
for any z = x+ iy ∈ γt. Set
vt(y) :=
√
1
4
− y2 − y cot(ty), y ∈ [0, yt],
and recall the notation x±t (y) = (1/2)± vt(y). Then
gt(x
±
t (y), y) =
y
sin(ty)
e∓tvt(y)
y cot(ty)− (1/2)± vt(y)
.
In this paragraph, we shall prove that
Lemma 2. For any t < 0, the map y 7→ gt(x
−
t (y), y) (respectively y 7→ gt(x
+
t (y), y)) is increasing (respec-
tively decreasing) on (0, yt).
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Proof. Firstly, note that
gt(x
−
t (y), y)gt(x
+
t (y), y) = 1,
therefore it suffices to prove that y 7→ gt(x
−
t (y), y) is increasing. Now, for any y ∈ (0, yt),
∂ygt[x
−
t (y), y] = ∂yx
−
t (y)∂x(gt)[x
−
t (y), y] + ∂y(gt)[x
−
t (y), y]
where
∂x(gt)(x, y) = −
ye−t(x+1/2)
(x+ y cot(ty))2 sin(ty)
[t(x + y cot(ty)) + 1]
∂y(kt)(x, y) =
e−t(x+1/2)
(x+ y cot(ty))2 sin(ty)
[(ty2 + x) − txy cot(ty)]
∂y(x
−
t )(y) =
4y sin2(ty) + sin(2ty)− 2ty
4 sin2(ty)vt(y)
.
Observe that the analysis performed in the previous paragraph shows that vt(y) = 0, y ∈ [0, yt] if and only
if y = yt. Besides, the inequality sinu ≥ u, u ≤ 0 shows that ∂y(x
−
t )(y) > 0 so that y 7→ x
−
t (y) is increasing
from (0, yt) onto (x
−
t (0),−1/2). Secondly, the equality
x+ y cot(ty) = −(y2 + x2)
along the curve γt shows that the derivative ∂x(gt)[x
−
t (y), y] is positive on (0, yt). Finally, the positivity of
∂y(kt)(x
−
t (y), y) on (0, yt) follows from the inequalities
x−t (y) < 0 and 1− ty cot(ty) > 0.
The lemma is proved. 
2.3. Description of νt. Since γt is piecewise smooth and closed, then an integration by parts yields
mn(t) =
1
2ipin
∫
γt
[gt(z)]
ndz = −
1
2ipi
∫
γt
[gt(z)]
nz
∂zgt(z)
gt(z)
dz.
Now split γt = γ
+
t ∪ γ
−
t where
γ±t := {z
±
t (y) := x
±
t (y) + iy, |y| ≤ yt}.
Hence ∫
γt
[gt(z)]
nz
∂zgt(z)
gt(z)
dz =
∫ yt
−yt
[gt(z
+
t (y))]
nz+t (y)
∂y[gt(z
+
t )](y)
gt(z
+
t (y))
dy
−
∫ yt
−yt
[gt(z
−
t (y))]
nz−t (y)
∂y[gt(z
−
t )](y)
gt(z
−
t (y))
dy.
But z+t (−y) = z
+
t (y) ans gt(z
+
t (y)) ∈ R therefore gt(z
+
t (−y)) = gt(z
+
t (y)) which in turn entails∫ yt
−yt
[gt(z
+
t (y))]
nz+t (y)
∂y[gt(z
+
t )](y)
gt(z
+
t (y))
dy =
∫ yt
−yt
[gt(z
+
t (y))]
nz+t (y)∂y[log gt(z
+
t )](y)dy
=
∫ yt
0
[gt(z
+
t (y))]
nz+t (y)∂y[log gt(z
+
t )](y)dy
−
∫ yt
0
[gt(z
+
t (y))]
nz+t (y)∂y[log gt(z
+
t )](y)dy
= 2i
∫ yt
0
[gt(z
+
t (y))]
nℑ[z+t (y)]∂y[log gt(z
+
t )](y)dy.(5)
Similarly ∫ yt
−yt
[gt(z
−
t (y))]
nz−t (y)
∂y[gt(z
−
t )](y)
gt(z
−
t (y))
dy = 2i
∫ yt
0
[gt(z
−
t (y))]
nℑ[z−t (y)]∂y[log gt(z
−
t )](y)dy.(6)
4
Gathering (5) and (6), we get
1
2ipi
∫
γ±
t
[gt(z)]
nz
∂zgt(z)
gt(z)
dz =
1
pi
{∫ yt
0
[gt(z
+
t (y))]
nℑ[z+t (y)]∂y [log gt(z
+
t )](y)dy
−
∫ yt
0
[gt(z
−
t (y))]
nℑ[z−t (y)]∂y [log gt(z
−
t )](y)dy
}
.
Finally, the monotonicity of y 7→ gt(z
±
t (y)) entails
mn(t) =
1
pi
∫ gt(x+t (0))
gt(x
−
t
(0))
xnℑ[g−1t (x)]
dx
x
where
gt(x
±
t (0)) =
[
1−
t
2
±
√
t2
4
− t
]
exp{±
√
t2
4
− t}.
Using the time change t→ −4t, the interval [gt(x
−
t (0)), gt(x
+
t (0))] transforms into the support of νt written
in [2], Proposition 11.
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